ABSTRACT To achieve high-performance motion control accuracy for complex contouring tasks even under high-speed and large-curvature, a generalized global task coordinate frame (GGTCF)-based learning adaptive robust control (LARC) strategy is synthesized for the industrial biaxial mechatronic stage systems. Specifically, through the usually known desired trajectory information of each axis, GGTCF is firstly proposed and globally designed based on a synthesized equivalent shape function of the desired contour. Different from conventional GTCF just suitable for simple contours with explicit shape function, the proposed GGTCF can guarantee multi-axis coordination even under complex contouring tasks with highspeed and large-curvature characteristics. After transforming the system dynamics of an industrial biaxial mechatronic stage system into the proposed GGTCF, a LARC contouring controller is constructed for the strongly coupled nonlinearities in GGTCF to achieve great contouring motion performance. In LARC, adaptive compensation term and robust feedback term are, respectively, designed to deal with parametric variation and uncertain disturbances, whereas iterative learning term is designed to further suppress the unmodeled repetitive contouring errors. Comparative experiments under various complex contours are conducted on an industrial linear-motor-driven biaxial motion stage. The experimental results consistently demonstrate that the proposed GGTCF can successfully implement various complex contouring tasks. Furthermore, in comparison with the conventional cross-coupled control and adaptive robust control control algorithm, the proposed GGTCF-LARC simultaneously possesses strong coordination mechanism and excellent transient/steady-state contouring control performance, which actually provides a novel control framework with high-performance nature for contouring motion research field.
I. INTRODUCTION
Precision mechatronic motion systems are ubiquitously used in modern intelligent manufacture industry, and are usually required to implement high-speed and complex contouring motion tasks for product manufacturing [1] , [2] . Essentially, the control performance is significantly affected by multi-axis coordination mechanism and various uncertainties/disturbances. To address these issues and achieve excellent contouring control performance, strong coordination mechanism should be seriously explored to guarantee multi-axis synchronous cooperation, while advanced motion controller should be synthesized to deal with model uncertainties and various disturbances [3] .
To realize precision contouring control of multi-axis systems, all motion axes must be controlled simultaneously. Generally, the most direct way for contouring performance improvement is to reduce the individual axial tracking errors through various advanced tracking controllers such as fuzzy control [4] - [7] , variable-gain control [8] , adaptive control [9] - [12] , robust control [13] - [15] , and datadriven control [16] . However, due to the incompatibility in dynamical response among different axes, improving the individual axial tracking accuracy dose not finally guarantee the contouring error reduction. Namely, single-axis decoupled contouring control essentially concentrates on tracking error reduction which does not essentially mean contouring error reduction. Therefore, coordination mechanism is considered as an important issue to deal with the multi-axis dynamics matching and synchronous cooperation [17] .
The most typical coordination mechanism introduced into contouring control is crossed coupled control (CCC), where the contouring error is estimated based on axial tracking errors, and additional corrective action would be generated to adjust each axial controller input [18] , [19] . CCC is widely used due to its practical effectiveness and simple implementation, and many control strategies such as optimal control [20] , adaptive control [21] , fuzzy control [22] , neural network [23] and iterative learning control [24] , have been utilized into CCC. In addition, various improved CCC designs are also developed for better contouring performance [25] - [27] . As the actual contouring error is a concept resting on the desired contour shape only, the tracking error based contouring error estimation in CCC often deteriorates dramatically from the real value, especially under high-speed large-curvature contouring motion situations [28] . Therefore, task coordinate frame (TCF) based contouring control methods were developed [17] , where global task coordinate frame (GTCF) was validated as an effective coordination mechanism for high-speed large-curvature contouring problems [29] , [30] . GTCF is globally defined based on the shape function of the desired geometric contour, thus the calculation of contouring error in GTCF depends on the desired contour only, resulting in rather accurate calculation even under high-speed and large-curvature situation [31] . Nevertheless, the conventional GTCF definition needs rigorous contour shape function which is actually difficult to obtain when the desired spatial contour is complex, although the trajectory of each axis is known. This problem severely limits the practical application of conventional GTCF. Therefore, it is interesting and attractive to construct a novel or improved GTCF coordination mechanism which not only can deal with high-speed/largecurvature contouring cases, but also can meet the challenge of complex contours those are widely existed in modern industry.
On the other hand, in contouring control field, advanced motion control strategies are also very important to address the strongly coupled system dynamics in certain employed coordination mechanism to reduce the contouring error through model compensation and disturbances rejection. Specially, adaptive robust control (ARC) possessing advantages of robust control and adaptive control [9] , has been applied to linear motors [32] , [33] , hydraulic actuators [34] , vehicle active suspension systems [35] , and multilateral teleoperation systems [13] . ARC has also been successfully utilized to construct a GTCF based contouring motion controller for biaxial linear-motor-driven motion systems [30] . Noting that precision motion stages were often demanded to perform repetitive machining tasks, while the unmodelled term in ARC inevitably caused certain performance conservativeness, iterative learning control (ILC) method [36] was also introduced into the ARC scheme to generate optimal compensation for the residual repetitive error without need of accurate system model [31] , [37] . It has been shown theoretically and experimentally that, the resultant learning adaptive robust control (LARC) scheme inherits the merits of ARC and ILC, such as uncertainty robustness, parametric adaptation, and good transient/steady-state control accuracy [37] .
In this paper, to achieve high-performance contouring control accuracy especially for complex contouring tasks with high-speed and large-curvature, a generalized global task coordinate frame (GGTCF) based learning adaptive robust control (LARC) strategy is proposed for an industrial biaxial mechatronic stage system. Specifically, an effective coordination mechanism is proposed to transfer the usually known desired trajectory of each axis into an equivalent shape function of the desire contour. A GGTCF coordination mechanism is then significantly developed based on the constructed equivalent shape function, and can guarantee the multi-axis coordination to implement complex contours with high-speed large-curvature. Then, system dynamics of the biaxial motion system are transformed into the proposed GGTCF, and a LARC contouring controller is constructed for the strongly coupled nonlinearities in each coordinate to achieve excellent contouring motion performance. The LARC consists of iterative learning term, adaptive model compensation term and robust control term in a serial structure, those are to deal with parametric variation, uncerties/disturbances, and unmodelled repetitive contouring errors, respectively. Comparative experiments under various complex contours are carried out on an industrial linear motor motion system. Abundant experimental results consistently demonstrate that, the proposed GGTCF-LARC can be successfully applied to complex contouring implementation. Furthermore, in comparison with the conventional GTCF-ARC and CCC-ARC control algorithms, the proposed GGTCF-LARC possesses more strong coordination mechanism and more excellent transient/steady-state contouring motion control accuracy. The proposed scheme essentially provides an effective approach for contouring motion control with excellent transient/steady-state performance, parametric adaptation and certain robustness under complex high-speed and large-curvature contouring tasks.
The main originality and contribution of this paper include:
• Conventional GTCF method could solve high-speed large-curvature contouring problem, but cannot be utilized in complex contours, which severely limits the applications. This paper completely proposes a GGTCF coordination mechanism which could further solve complex contouring problem, which significantly facilitates practical implementation. A design example for the proposed GGTCF is also introduced to provides a guide for practical GGTCF synthesis.
• A weighted LARC controller including ARC and iterative learning terms is designed for the system dynamics in the proposed GGTCF, which emphasizes the contouring error dynamics rigidness and releases the tangential error dynamics rigidness.
• The effectiveness of the proposed GGTCF-LARC method has been verified by a series of comparative experiments, including cardioid curve, flower-shape curve, dragonfly-shape curve, and rabbit-shape curve.
II. GENERALIZED GLOBAL TASK COORDINATE FRAME (GGTCF) COORDINATION MECHANISM A. CONSTRUCTION OF GGTCF
For complex contouring tasks, the contours are usually just with trajectory functions of individual axes but without shape function, which is common and reasonable in modern industry. Actually, the shape functions for complex contours are often difficult to obtain. For a biaxial space defined by the Cartesian coordinates (x, y), x(u) and y(u) are defined as the trajectory functions where u is the time parameter and is often a one-to-one mapping function of time t. The desired position of the reference contour can be represented
The actual position of the end effector is P a (x(u), y(u)). Herein, x(u) and y(u) is known but the shape function f (x, y) = 0 is unknown. In the following, we should provide an effective approach to bridge the gap between the axial trajectory functions and the shape function for the desired complex contour.
Firstly, an assistant function is defined by known trajectory functions x(u) and y(u), i.e.,
It should be noted that in trajectory tracking tasks, there is a mapping between the parameter u and the position (x, y). Thus, u can be described as u(x, y) by x(u) and y(u). Then define the desired contour shape function f as
Combining Eq. (1) and (2) leads to
It can be seen that f (x u (u), y u (u)) = 0, which means that above definition Eq. (2) can be essentially viewed as the shape function of the desired contour. Consequently, an generalized task coordinate frame (GGTCF) is defined as
where
∂y ; u x (x) denotes the inverse function of x(u); s(u) denotes the curve length function along the contour. r c (x, y) denotes the first-order approximation of actual contouring error ε c , while r m (x, y) denotes the curve length between the desired point and contouring error point along the desired contour [29] .
Herein, considering Eq. (2), f x , f y can be calculated out as
Thus, in GGTCF, r c and r m are chosen as the controlled variables. Furthermore, the system dynamics can be transformed from Cartesian coordinates into GTCF according to the Jacobian matrix, which can be approximated by
It is obvious that the above Jacobian matrix is unitary for all values of x, y, i.e., J −1 = J T , which can significantly facilitate the dynamics transformation between Cartesian space and the proposed GGTCF.
Remark 1: For the same time parameter u, there can not exist multi position (x 1 , y 1 ) . . . (x n , y n ). However, for the periodic contours, different u may correspond to a same position. Therefore u(x, y) should be calculated in a limited time segment, and some separate operations are necessary.
Remark 2: It must be noticed that, the calculation of r m needs the inverse function of x(u), which means that the reasonable time segment division should be utilized to make x(u) monotone in every segment. Therefore, u(x) can be calculated though the analytical form is not unique. Furthermore, [29, Lemmas 1 and 2] also can be certified through similar way.
Remark 3: The calculation of contouring error in GGTCF depends on the desired geometric reference contour only. Namely, real-time contouring error calculation is always accurate regardless of large position tracking error or contour curvature [29] . Moreover, the Jacobian matrix J from Cartesian coordinates to GTCF is unitary and orthogonal, which significantly simplifies the design of contouring controller. More importantly, the proposed GGTCF can implement complex contours through the synthesis of an assistant function, wheras conventional GTCF is just suitable for simple contours with known shape function [29] , [30] . In summary, the proposed GGTCF could simultaneously satisfy the requirements of high-speed, large-curvature and complex contouring tasks.
B. AN DESIGN EXAMPLE OF GGTCF
Most complex contours in two-dimensional space can be described in polar coordinate framework. Therefore in this subsection, an example of applying the GGTCF method in polar coordinate is presented. In polar coordinate framework, the position (x(u), y(u)) can be described by
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where ρ(u) is radius coordinate, and α is angle coordinate. Thus, u(x, y) can be calculated as
Define g(x, y) as a simple function, i.e.,
According to (7)- (9), one can obtain
Therefore, the shape function f can be expressed by
It must be noticed that, θ is π 2 or 3π 2 when x = 0. For the case that ρ(u) = 1 + 0.5 cos(8ωu), ω = π, u = t(0 < t < 1s), the calculation results of the shape function are plotted in Fig. 1 . The desired contour is the black solid line, and the cases of f = 0 are also shown by color lines. It can be seen that, the shape function accurately describes the desired contour. In addition, the value of the function indicates the relative position between the actual contour and the desired one. Therefore, the shape function can effectively represent the desired contour information and can be utilized in the subsequent calculation in GGTCF.
III. GGTCF-LARC METHOD FOR BIAXIAL MOTION SYSTEMS
This part is to design a weighted learning adaptive robust controller (LARC) for the coupled system dynamics in GGTCF. In subsection A, the system dynamics in GGTCF is obtained according to the dynamics in Cartesian space. In subsection B, the GGTCF-LARC control framework is designed, in which the LARC controller can be designed according to system dynamics in GGTCF to achieve excellent contouring performance.
A. SYSTEM DYNAMICS IN GGTCF
In this paper, an industrial biaxial linear-motor-driven stage is considered and the system dynamics in Cartesian space can be described as [29] :
where u is a 2 × 1 vector of the control inputs; [30] , the dynamics model presented in (12) can be transformed into the proposed GGTCF as
As discussed in [30] , the modeled part of system dynamics M tr + B tṙ + C tṙ + A t S f (q) − d t can be linearly parameterized by a set of unknown parameters defined as θ = [θ 1 , θ 2 , . . . ,
T . Considering practical situations, the parameter vector θ usually cannot be known precisely, but the extent of parametric uncertainties and uncertain disturbances can be bounded by:
where θ min = [θ 1min , θ 2min , . . . , θ 8min ] T and θ max = [θ 1min , θ 2min , . . . , θ 8min ] T are given constant vectors; δ is a known function. It must be noted that the operator ≤ for vectors is performed between corresponding elements. Essentially, the control objective in GGTCF is changed to be generating the input u t to regulate r c to be zero and to let r m follow the desired value of r md (t) = r m (x d (t), y d (t)).
B. GGTCF-LARC CONTROLLER DESIGN
To deal with the coupled system dynamics in GGTCF, a learning adaptive robust controller (LARC) [37] will be constructed in this subsection. The resulting GGTCF-LARC control framework is shown in Fig. 2 . Specifically, the GGTCF-LARC contouring control strategy contains the GGTCF coordinate mechanism proposed in Section II, as well as the LARC motion controller with weighted modification. In GGTCF-LARC, the GGTCF (in the green frame) is the coordination mechanism to satisfy complex, high-speed and large-curvature contouring tasks. The LARC consists of iterative learning term, adaptive model compensation term, robust feedback term. Herein, adaptive model compensation term and robust feedback term are synthesized to deal with the strongly coupled system dynamics with parametric uncertainty and uncertain nonlinearity/disturbances. Meanwhile, the iterative learning term is constructed to provide a kind of pre-compensation to adjust the reference of GGTCF, which can further improve the contouring performance through the iterative learning process. In summary, GGTCF-LARC does well in complicated contouring control situations due to not only the effective coordinate mechanism provided by the GGTCF, but also the excellent motion control action of LARC.
It is known that the ARC term is an intelligent integration of traditional adaptive control and robust control. In [29] , ARC has been successfully integrated with GTCF to construct contouring controller for biaxial systems with utilization of its parameter adaptation ability and robustness. For the above-mentioned system dynamics, the following ARC control input is proposed as u t = u a + u s (16) where u a = − θ is the compensation of the model with parameter variation, in which is the known regressor and θ is the estimation of θ. u s = u s1 + u s2 is the sum of proportional-differential feedback term u s1 = −Ks and robust feedback term u s2 . Detailed design procedure and stability analysis of ARC controller are presented in [31] thus omitted here to avoid repetition. On the other hand, for further reducing of contouring error e c and distance error e m , ILC term is synthesized in the control scheme. As shown in Fig. 2 , the closed-loop system dynamics along the coordinates of r c and r m , can be denoted as P c (s) and P m (s), respectively. Therefore, the LARC system dynamics can be described by
where i is the iteration index, R c (s), R cd (s), R m (s), R cd (s) correspond to r c , r cd , r m and r cd , respectively. After the weight allocation of e c and e m , the following iteration learning law is employed to compensate the residual repetitive error, i.e., (18) where It should be noted that, weights are introduced in this paper for the LARC controller design, which could emphasize the contouring error dynamics and release the tangential error dynamics. Therefore, the machatronic motion stage could concentrate on the contouring error reduction, and releases the direct performance requirements of whole hardware system.
IV. EXPERIMENTAL INVESTIGATION A. EXPERIMENTAL SETUP
To test the effectiveness of the proposed GGTCF-LARC, an industrial biaxial mechatronic motion stage system driven by linear motors is set up in our lab as shown in Fig. 3 . The following two performance indexes are employed to evaluate the quality of the control strategy.
• |ε c | rms = (
where T represents the total running time of the concerned experimental segment.
• ε cM = max|ε c |(µm) is the maximum absolute value of the contouring error over concerned tracking history. The above performance indexes are computed based on the experimental data during 1-5s, and the transient performance of controllers are also shown in figures.
B. EXPERIMENTAL RESULTS
Comparative experiments should be designed to verify that proposed GGTCF-LARC can be applied to complex contours and can promote the contouring control performance. To provide a sufficient comparison, traditional CCC-ARC, GGTCF-ARC and the proposed GGTCF-LARC contouring controllers are implemented:
C1: CCC-ARC -two ARC controllers are used to control the biaxial motion system, the additional variable-gain CCC [19] is chosen in the PID form, where K p = 50000,
C2: GGTCF-ARC -the contouring controller is designed as proposed in [30] , and = diag[200, 100] is chosen to emphasize effects of contouring error. For simplicity, a constant feedback coefficient matrix of diag [150, 80] is used. Then the adaption rates are = diag[10, 10, 10, 10, 10, 10, 10000, 10000]. C3: GGTCF-LARC -compared with C2, the ILC term is added. In the design of ILC, a Q-filter is employed, which could not only reduce effects of high-frequency components in contouring error and tracking error, but also improve the robustness of learning procedure. Besides, zero-phase filtering is employed to avoid time delay for better transient response. Hence, the low-pass filter is set as Q(s) = (2πf s ) 2 s 2 +2ζ (2πf s )s+(2πf s ) 2 , where the damping ratio ζ = 0.7 and the crossover frequency f s = 20Hz. And the iteration index in this paper is chosen as i = 4.
It must be noted that, the initial parameter estimates for these three controllers are chosen based on same nominal value mentioned above. Moreover, smooth functions S f (ẋ) and S f (ẏ) are set as S f (ẋ) = 
1) CASE I-CARDIOID CURVE
The biaxial stage system is driven to track a variable-speed cardioid curve which can be expressed by
where ρ 0 = 0.03(m) and ω = 1.5π(rad/s). The reference contour and the magnified contouring performance are plotted in Fig. 4 . The contouring errors of the three controllers are plotted in Fig. 5 , and the corresponding performance indexes are listed in Table 1 . It can be seen in Fig. 5 and Table 1 that, for this variable-speed contour, the GGTCF can do better than CCC, i.e., |ε c | rms of C1 is about 2.5 µm, while C2 is about 1.6 µm (almost 60% of C1). In addition, |ε c | rms of C3 is almost 70% of C2. As for the starting procedure during 0-0.2s, the transient contouring errors are also plotted in Fig. 5 . It can be observed that, C3 can achieve faster response and less oscillations compared with C1 and C2. These distinct results consistently illustrate that, in comparison with CCC, the proposed GGTCF provides a more excellent coordination mechanism for the biaxial system. Moreover, in comparison with ARC, LARC can further enhance the contouring performance by means of learning and feedforward process.
2) CASE II-FLOWER-SHAPE CURVE
The flower-shape curve is shown in Fig. 6 , and is used to further validate the effectiveness of the proposed GGTCF-LARC. The contour completes one turn in 4s, and the maximum speed is 0.2464m/s. During this curve tracking, there are five inflection points with the change of speed direction, where the contouring control would be difficult. The magnified contouring performances at an inflection point are also illustrated in Fig. 6 . It can be seen that, the contour of C1 is far from the reference contour, C2 is more closer to the reference than C1, while the blue curve of C3 is almost overlap with the reference. Specifically, as shown in Table 1 and Fig. 7 , the steady-state |ε c | rms of C1 is about 2.3 µm, ε cM of C1 is about 9.4 µm. Meanwhile, due to the effective coordination mechanism, |ε c | rms of C2 is about 1.5 µm, ε cM of C2 is 7.05 µm. It can be seen in Fig. 7 that, the contouring errors of C1 and C2 would be very large at some special positions. However, through the action of iterative learning term in LARC, C3 keeps the contouring errors at these positions in a small range, i.e., |ε c | rms of C3 is just 1.07 µm, less than 50% of C1, and ε cM of C3 is about 57% of C1. In addition, for the transient error, C3 can effectively suppress the negative effect of low frequency oscillation. In summary, compared with CCC-ARC and GTCF-ARC, the proposed GTCF-LARC is more effective in reducing the contouring error even under the exist of inflection points.
3) CASE III-DRAGONFLY-SHAPE CURVE
To make the experiment validation more general, in this case, the biaxial motion stage system is commanded to track a dragonfly-shape curve as shown in Fig. 8 . The curve completes one turn in 4s and the maximum speed is 0.5324 m/s. Compared with Case I and Case II, this faster dragonflyshape curve is more complex, and some similar contours would be used in practical machining. From the magnified contours plotted in Fig. 8 , it can be observed that C3 achieves more excellent contouring performance than C1 and C2. To further demonstrate the preponderance of GGTCF-LARC, transient/steady-state contouring errors are plotted in Fig. 9 , and the corresponding performances are listed in Table 1 . Both of them illustrate that C3 still achieves best steady-state contouring performance, i.e., |ε c | rms of C3 is about 1.3 µm, just 55% of C1 and 80% of C2. In addition, the transient contouring errors plotted in Fig. 9 show that the start procedure of C3 is more steady than C1 and C2. These comparative results further demonstrate that the proposed GGTCF can be successfully applied to complex contours. Moreover, LARC method also provides the effective control action of the contouring error. In a word, for complex contours, the proposed GGTCF-LARC strategy can not only provide an excellent coordination mechanism for biaxial motion systems but also promote the contouring control accuracy effectively. 
4) CASE IV-RABBIT-SHAPE CURVE
Without loss of generality, the motion stage is also commanded to track an asymmetric rabbit-shape curve shown in Fig. 10 . The contour completes one turn in 4s, and the maximum speed is 0.3339m/s. The magnified contouring performances at three inflection points are also shown in Fig. 10 . It can be seen that, the contour of C1 is far from the reference contour, C2 is much closer to the reference than C1, while the blue curve of C3 almost overlaps with the reference. Specially, as shown in Table 1 and Fig. 11 , |ε c | rms of C1 is about 2.07 µm, ε cM of C1 is about 21.7 µm. Due to the effective coordination mechanism, |ε c | rms of C2 is about 1.42 µm, and ε cM of C2 is 7.78 µm. It can be seen from Fig. 11 that, the contouring errors of C1 and C2 would be relatively large at the special positions. However, through the action of iterative learning term in LARC, C3 keeps the contouring errors at these positions in a small range, i.e., |ε c | rms of C3 is just 0.84 µm, less than 42% of C1, and ε cM of C3 is about 61% of C1. In summary, compared with CCC-ARC and GTCF-ARC, the proposed GGTCF-LARC is more effective on reducing the contouring error under different complex high-speed large-curvature contouring situations.
V. CONCLUSION
In this paper, to achieve great contouring control performance even under complex high-speed large-curvature contouring tasks, a GGTCF based LARC contouring control strategy has been synthesized for a precision biaxial mechatronic motion system. Specially, through the usually known desired trajectory information of each axis, a GGTCF based on a developed equivalent shape function of the desired contour, has been constructed to guarantee excellent biaxial contouring coordination. After transforming the system dynamics of the biaxial system into the proposed GGTCF, a weighted LARC contouring controller is constructed for the strongly coupled nonlinear dynamics in each coordinate to achieve not only excellent transient/steady-state contouring performance, but also parametric adaptive ability and certain robustness to uncertain nonlinearities. To demonstrate the effectiveness of the proposed GGTCF-LARC strategy under complex high-speed and large-curvature contouring tasks, comparative experiments have been conducted on an industrial biaxial linear-motor-driven motion stage to track various complex contours such as flower-shape curve, dragonflyshape curve, and rabbit-shape curve. Experimental results consistently illustrate that the proposed GGTCF-LARC can be successfully utilized in complex contouring tasks, and possesses strong coordination mechanism as well as excellent transient/steady-state contouring control performance.
